Analysis on two approaches for high order accuracy finite difference computation  by Zhang, Jun et al.
Applied Mathematics Letters 25 (2012) 2081–2085
Contents lists available at SciVerse ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Analysis on two approaches for high order accuracy finite
difference computation
Jun Zhang a,∗,1, Xinyu Geng a, Ruxin Dai b
a School of Computer Science, Southwest Petroleum University, Chengdu, Sichuan 610600, China
b Department of Computer Science, University of Kentucky, Lexington, KY 40506-0633, United States
a r t i c l e i n f o
Article history:
Received 16 November 2011
Received in revised form 5 May 2012
Accepted 6 May 2012
Keywords:
Elliptic partial differential equations
Finite difference scheme
Richardson extrapolation
Fourth order compact scheme
a b s t r a c t
We analyze two approaches for enhancing the accuracy of the standard second order finite
difference schemes in solving one dimensional elliptic partial differential equations. These
are the fourth order compact difference scheme and the fourth order scheme based on the
Richardson extrapolation techniques. We study the truncation errors of these approaches
and comment on their regularity requirements and computational costs. We present
numerical experiments to demonstrate the validity of our analysis.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Finite difference schemes are popular in solving partial differential equations due to their easy implementations and
computational efficiency. In solving elliptic partial differential equations, themost frequently used finite difference schemes
are based on the second order central difference scheme (CDS), although in certain cases, the first order upwind difference
scheme (UDS) may have to be used to avoid numerical difficulty. The CDS and UDS are usually called standard finite
difference schemes and have been reported in many publications and used in numerous applications.
There have been several approaches for developing higher order finite difference schemes in different applications. For
solving elliptic partial differential equations, the fourth order compact (FOC) difference schemes have drawn the attentions
of researchers in the past two decades due to their high accuracy and their ability to suppress nonphysical oscillations in
solving certain convection-dominated problems [1,2]. Recent applications of FOC methodologies can be found in solving
more general partial differential equations and some time-dependent problems [3–5].
Another approach for raising the order of accuracy of the finite difference schemes is the use of the Richardson
extrapolation technique [6]. Although this approach has been well-known, it was not considered to be cost-effective, in
comparison to the direct use of the FOC scheme. Efficient implementations may be challenging in higher dimensional cases.
This situation has changed recently with the development of the sixth order compact schemes, in the context of multiscale
multigrid computation [7].
For some researchers, it is not clear if the FOC schemes are actually a class of extrapolationmethods, based on the second
order CDS. This short paper is to formally analyze the FOC schemes and the Richardson extrapolation technique based fourth
order method (REC), by using a one dimensional model problem. The purpose of this analysis is to show that these two
approaches are really different, but they can be used to achieve different purposes.
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The remaining parts of this paper are arranged as follows. Section 2 presents different fourth order approaches and our
detailed truncation error analysis. Section 3 contains the numerical experimental results to compare the accuracy and order
of the different schemes. Section 4 concludes this paper.
2. Model problem and analysis
We first study the one dimensional (1D) Poisson equation, as it is amodel problem of elliptic partial differential equations
and the 1D analysis is more illustrative and easier to understand than the higher dimensional problems. Themodel equation
is
d2u(x)
dx2
= f (x), 0 ≤ x ≤ L. (1)
Here u(x) is the unknown function to be computed and f (x) is the forcing function. x is the independent variable. When the
context is clear, we will use u and f for simplicity. Without loss of generality, we restrict the computational domain to the
interval [0, L] for some positive number L, but the analysis is applicable to other domains.
2.1. Fourth order compact discretization
Let h = L/n be the mesh size of the uniform discretization over the interval [0, L], where n is the number of uniform
subintervals. For discussion convenience, we assume that n is an even number and we use Ωh to denote the discretized
computational domain with the mesh size h. The nodal points are xj = jh and uhj = u(xj), f hj = f (xj), where j = 0, 1, . . . , n.
When there is no doubt about the grid space in question, we will drop the grid size indicator h for simplicity.
The second order central difference operator at a nodal point j can be written as
δhxxuj =
uj−1 − 2uj + uj+1
h2
.
Using the Taylor series expansions, we can expand the second derivative of u as
ux2 = δhxxuj −
h2
12
ux4 −
h4
360
ux6 + O(h6), (2)
where themth derivative of the function u(x) is denoted as
uxm = d
mu
dxm
.
Substituting (2) into the model Eq. (1), we have the discretized Poisson equation as
δhxxuj = fj +
h2
12
ux4 +
h4
360
ux6 + O(h6). (3)
The standard three point second order CDS is obtained by dropping the O(h2) and the higher order terms in (3).
2.2. Fourth order compact scheme
A three point fourth order compact scheme for Eq. (1) can be derived as follows. By differentiating the original Eq. (1)
twice, we have
ux4 = fx2 .
The right-hand side of this equation can be discretized to the second order accuracy using CDS (similar to Eq. (2)) as
ux4 = fx2 = δhxxfj −
h2
12
fx4 + O(h4)
= δhxxfj −
h2
12
ux6 + O(h4), (4)
in which we used the fact that ux6 = fx4 , which can be obtained by differentiating the original Eq. (1) four times on both
sides.
Substituting (4) into (3), we have
δhxxuj =

1+ h
2
12
δhxx

fj − h
4
240
ux6 + O(h6). (5)
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By truncating the O(h4) and the higher order terms in (5), we obtain the fourth order compact (FOC) scheme. Note that the
finite difference scheme (5) only involves the nearest three grid points uj−1, uj and uj+1, the same as the CDS scheme does,
and is thus termed as the compact scheme. Other non-compact schemes of the fourth order will usually need more than
three grid points. The leading truncation error of the FOC scheme (5) is
h4
240
ux6 . (6)
2.3. Richardson extrapolation for fourth order accuracy
The well-known Richardson extrapolation technique [6] can be used to compute higher order accuracy solution, if the
approximate solutions of second order can be obtained on a series of refined grids. Assume here that we already computed
the approximate solution of second order on the fine gridΩh, from Eq. (3), the truncation error of the approximate solution
is
Rh = h
2
12
ux4 +
h4
360
ux6 + O(h6). (7)
This approximation formula also exists on the coarse gridΩ2h by replacing the mesh size hwith 2h, we have
R2h = (2h)
2
12
ux4 +
(2h)4
360
ux6 + O(h6). (8)
By using the Richardson extrapolation technique, the second order error terms can be cancelled by multiplying Eq. (7) with
4 and subtracting Eq. (8) from it. We have the new error representation for the Richardson extrapolation technique
4Rh − R2h
3
= − h
4
90
ux6 + O(h6),
which is of fourth order accuracy and will be referred to as the REC scheme. The leading truncation error term of the REC
scheme is
h4
90
ux6 . (9)
By comparing the leading truncation error terms (6) and (9), we can see that the FOC scheme has a smaller leading truncation
error than the REC scheme does.
2.4. Interpolation on the fine grid
Note that the Richardson extrapolation technique computes the fourth order solution u2hj on the coarse grid Ω
2h. This
coarse grid solution can be directly injected to the fine grid Ωh at their common grid points, i.e., uh2j = u2hj ; see Fig. 1. For
the odd-numbered grid points on theΩh grid, we can use an operator induced interpolation formula as (based on CDS)
uhj =
uhj−1 + uhj+1 − h2f hj
2
+ O(h4), j = 1, 3, . . . , n− 1, (10)
which has a truncation error of the fourth order. We point out that the standard linear interpolation is second order and
does not have good capability of preserving the fourth order solution from the neighboring grid points.
Using Eq. (5), we can also obtain the FOC scheme based operator induced interpolation formula as
uhj =
uhj−1 + uhj+1
2
− h
2(f hj−1 + 10f hj + f hj+1)
24
+ O(h6), j = 1, 3, . . . , n− 1, (11)
which has a truncation error of the sixth order.
2.5. Computational cost analysis
For the 1D problem, both the FOC and the CDS scheme need to solve a tridiagonal system, the only difference is the
right-hand side, which can be computed inexpensively in advance.
However, in the fourth order REC scheme, we need to solve one tridiagonal system on theΩh grid and another one on the
Ω2h grid. Assuming that the computational cost is linear for solving a tridiagonal system, solving one additional tridiagonal
system on theΩ2h grid increases the computational cost by a half.
Since the REC scheme has a larger truncation error and costs more in computation than the FOC scheme does, it does not
seem to be a competitive computational technique in solving 1D elliptic partial differential equations, compared with using
the FOC schemes directly.
On the other hand, for some elliptic problems, the Richardson extrapolation technique is necessary when a finite
difference scheme of sixth order needs to be compact, i.e., when it just involves the current and the nearest two neighboring
grid points in the approximation scheme [8,7].
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Fig. 1. Illustration of the Richardson extrapolation and interpolation process.
2.6. Regularity requirements
We note that the derivation of the FOC scheme requires that the forcing function f (x) be twice differentiable. This
regularity requirement on f (x) is not needed for the CDS scheme, and is thus not needed for the REC scheme. In other
words, when f (x) is known not to be smooth, the REC scheme (with the fourth order interpolation formula (10)) can be used
to obtain a fourth order solution.
2.7. Two and higher dimensional problems
For two and higher dimensional problems, the appropriate CDS and FOC schemes can be derived similarly; we refer the
readers to [9,7,10] for the derivation details and some fast solution methods.
In two dimensions, the CDS scheme involves five grid points, but the FOC scheme needs nine grid points. On the same
grid level, the computational cost of the FOC scheme is higher than that of the CDS scheme. However, the computed solution
from the FOC scheme ismuchmore accurate than that from the CDS scheme. To compute the solutionswith similar accuracy,
using fast solvers such as the multigrid methods, the FOC scheme using coarser grids is much more efficient than the CDS
scheme [11].
The use of the Richardson extrapolation technique to enhance the order of accuracy of the computed solutionwill become
more complicated in the higher dimensions, as the coarser gridwill have fewer grid points to provide higher order solution to
be injected to the corresponding grid points of the finer grid. The corresponding operator induced interpolation techniques
can also be much more complicated. This is because a regular coarse grid in two dimensions only has a quarter of the
grid points of the fine grid, and three quarters of the grid points on the fine grid need to be interpolated with the high
order solution. The required interpolation techniques can be non-trivial. The embedding of the Richardson extrapolation
technique in the grid structure of the multigrid methods has been successfully implemented by several researchers. The
use of multiscale multigrid computational strategy eliminates the need to generate additional grids exclusively for the
Richardson extrapolation purpose and thusmakes the Richardson extrapolation technique computationallymore attractive,
especially in the situation in which a sixth order compact scheme cannot be derived directly on a single grid [8,7].
3. Numerical results
Numerical experiments were conducted to solve the 1D model problem (1) with the forcing function and boundary
conditions satisfying the exact solution u(x) = sin(π2x). The domain of computation is [0, 1]. The code was written in
MATLAB. The errors reported are the maximum absolute errors of the computed solution against the exact solution on the
fine gridΩh. The tridiagonal systems were solved using a direct solver (the LU factorization). Note that the computational
costs for using the FOC scheme and the CDS scheme are the same, except for a fewpreprocessing operations. The cost of using
the REC schemes is slightly higher. But the computational costs are not significant for the 1D problem under our discussion.
Thus, the discretization scheme yielding smaller error is a better one.
We also use REC4 to denote the Richardson extrapolation technique using the fourth order interpolation formula (10),
and REC6 to denote the Richardson extrapolation technique using the sixth order interpolation formula (11).
In Table 1, we compare the computed maximum absolute errors of the different schemes on a series of refined grids. n is
the number of subintervals of the grid and the mesh size is h = 1/n. We also estimate the order of accuracy of the different
schemes. The order of the accuracy of a finite difference scheme was computed by using the maximum absolute errors on
two successive grids as
Order = log2

Error2h
Errorh

.
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Table 1
Comparison of the maximum absolute errors and the order of accuracy of different schemes.
n CDS REC4 REC6 FOC
Error Order Error Order Error Order Error Order
32 1.06e−2 – 2.60e−4 – 2.05e−4 – 5.06e−5 –
64 2.66e−3 1.99 1.61e−5 4.01 1.27e−5 4.01 3.17e−6 4.00
128 6.66e−4 2.00 1.01e−6 3.99 7.92e−7 4.00 1.98e−7 4.00
256 1.66e−4 2.00 6.28e−8 4.01 4.95e−8 4.00 1.24e−8 4.00
512 4.16e−5 2.00 3.93e−9 4.00 3.09e−9 4.00 7.73e−10 4.00
It is clear from Table 1 that all schemes computed solutions of the expected orders of accuracy. The fourth order schemes
computed much more accurate solutions than the second order CDS did.
For the REC schemes, REC6 computed slightly more accurate solutions than REC4 did. In fact, the maximum absolute
errors of REC6 on an Ωh grid are equal to those on the Ω2h grid up to the digits reported in Table 1 (data are not shown).
However, the solution computed by REC6 is fourth order, not sixth order, because we only used REC6 to interpolate the
fourth order solution computed at the neighboring grid points.
Note that the Richardson extrapolation technique computed the fourth order solution on theΩ2h grid, not on theΩh grid.
The fourth order solution on theΩh grid was obtained by injecting the solution of theΩ2h grid to the common grid points
(the even-numbered grid points on Ωh), and by using the interpolation formulas (10) and (11) to compute the solution at
the odd-numbered grid points on theΩh grid. This comparison seems to suggest that the sixth order interpolation formula
(11) is needed if we do not tolerate any degradation of accuracy of the computed solution due to interpolation error on the
Ωh grid.
The FOC scheme computed slightly more accurate solutions than the two REC schemes did. In addition, the FOC scheme
is less expensive than the REC schemes which need to compute solutions on two grids; see the relevant cost analysis in
Section 2.5.
Since the FOC scheme is more accurate than the REC6 scheme and both schemes require higher level regularity of f (x),
we conclude that there is no reason not to use the FOC scheme whenever the REC6 scheme is applicable. (REC4 does need a
lower level regularity of f (x).)
4. Concluding remarks
The main purpose of this note is to provide both analytic and numerical evidences to clarify the differences between the
Richardson extrapolation technique and the fourth order compact scheme in computing a high accuracy solution. The result
of this paper confirms the relative advantages and disadvantages of the fourth order compact scheme and the Richardson
extrapolation technique based fourth order schemes. The detailed analysis in this paper will provide insights for the future
developments and applications of high order compact difference schemes.
The explicit derivations of the FOC scheme and the REC scheme and the comparison of two operator induced interpolation
methods are also the contribution of this paper.
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